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Grain-boundary strengthening in nanocrystalline chromium
and the Hall–Petch coefficient of body-centered cubic metals
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Nanocrystalline Cr (nc-Cr) was synthesized by electrodeposition. Samples with various grain sizes (19–57 nm) were prepared by
annealing the as-deposited sample. Microstructures were examined using X-ray and electron microscopy, and the mechanical prop-
erties were evaluated using nanoindentation. The strength of nc-Cr samples apparently obeyed the classical Hall–Petch relationship.
It was found that hardening potency caused by grain refinement was generally higher in body-centered cubic metals than that in
face-centered cubic and hexagonal close-packed metals. A possible explanation was offered.
� 2012 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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It is a conventional knowledge that grain refine-
ment can increase the strength of a polycrystalline metal.
In fact, the classical Hall–Petch (H-P) relationship [1,2]
correlating strength with grain size has been widely ap-
plied over many decades. Recently, an inverse H-P rela-
tionship was observed in some metals and alloys with
nanoscale grain sizes, e.g. Ni [3], Cu [4] and Ni–W [5].
Whereas many of these studies were conducted on nano-
crystalline (nc) face-centered cubic (fcc) [6–9] and hexag-
onal close-packed (hcp) metals [10], a limited number of
studies have been reported in body-centered cubic (bcc)
metals [11,12]. This is probably due to the fact that nc-
metals and alloys are mainly produced by electrodepos-
ition and the reduction potentials for bcc transition met-
als (e.g. Mo, W, Ta and Nb), except Cr, are relatively
high. The electrolyte for electrodeposition is generally
water based, and water would be electrolyzed to hydro-
gen and oxygen before the metal ions were reduced to
their metallic states.

In the present study, the effect of grain size on the hard-
ness (or strength) of nc-Cr samples was initially evaluated
by a nanoindentation technique, then a comprehensive
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survey and systematic discussion on the hardening po-
tency of grain size in metals with different crystalline
structures (i.e. bcc, fcc and hcp) was carried out.

The nc-Cr coatings were electrodeposited on a stain-
less steel substrate in a modified “Sargent” bath, con-
taining CrO3� (250 g l�1), H2SO4 (2.5 g l�1) and a small
amount of “Ca-2000” additives (Xinhua Yatai Chemical
Tech Ltd, China), with a current density 40 A dm�2 at
55 �C, as reported previously [13]. Platinum wire was
used as a counter electrode. The as-deposited film had
a thickness of about 100 lm and an average grain size
of about 19 nm. Larger grain sizes were obtained by
annealing the as-deposited film at different temperatures
(350, 400, 450, 550 and 600 �C) for 1 h in air. Samples
annealed at X �C are denoted as CrX herein (for exam-
ple, Cr600 is the sample annealed at 600 �C). The surface
of the annealed samples was polished to remove any pos-
sible oxide before the nanoindentation tests were carried
out. A coarse-grained bulk Cr sample was also prepared
using the arc-melting method for comparison. All Cr
samples were examined for grain size and purity by X-
ray diffraction (XRD) using Cu Ka radiation at 45 kV
and 40 mA. The grain sizes of the nc-Cr samples were
also measured from TEM micrographs.

For the nanoindentation tests, all the specimens were
initially mounted in epoxy resin and then ground and
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polished to a mirror finish. Tests were carried out on a
Triboindenter (Hysitron, Minneapolis, MN) with a
Berkovich indenter at room temperature. At least 10
indents with a fixed displacement were conducted on
each sample, the indent depth was 160 nm and the load-
ing rate ranged from 0.9 to 1.4 mN s�1. The indenter
was calibrated both before and after nanoindentation.

The XRD pattern from the as-deposited Cr indicates
a bcc structure, as shown in Figure 1. Truncated pat-
terns near the (110) diffraction peak from samples an-
nealed at different temperatures are included in the
inset. The grain sizes of these nc-Cr samples were
estimated from the (110) diffraction peaks using the
Debye–Scherrer formula and the results are summarized
in Table 1; the grain sizes ranged from 19 to 57 nm.

Since XRD usually yields a smaller grain size [14], di-
rect measurement was also carried out using TEM.
TEM micrographs of the planar view (Fig. 2(a) and
(c)) and cross-sectional view (Fig. 2(b) and (d)) of the
Figure 2. TEM micrographs taken from nc-Cr coatings: planar view
and SAED pattern (insets) for (a) as-deposited Cr and (c) Cr600.
Cross-sectional view and grain size distribution (insets) for (b) as-
deposited Cr and (d) Cr600.

Figure 1. XRD pattern of the as-deposited nc-Cr coating and the
XRD patterns around the diffraction peak (110) for the as-deposited
and annealed nc-Cr specimens (inset).

Table 1. Grain size and hardness of nc-Cr samples.

Specimen Grain size
(XRD) (nm)

Grain size
(TEM) (nm)

Hardness
(GPa)

As-deposited Cr 19 24 12.22 ± 0.06
Cr350 22 – 11.71 ± 0.07
Cr400 26 – 10.55 ± 0.07
Cr450 33 – 10.09 ± 0.05
Cr550 41 – 9.31 ± 0.08
Cr600 57 82 7.98 ± 0.07
as-deposited Cr and Cr600 indicate a columnar grain
along the growth direction of electrodeposition. The
non-uniform diffraction rings shown in the selected dif-
fraction patterns suggest a strong (211) texture that is
often observed in electrodeposits [5]. It appears that
the majority of grain boundaries are high angled.

The TEM micrographs also reveal that the grain size
of the as-deposited Cr film is about 24 nm, which in-
creases to about 82 nm subsequent to annealing at
600 �C. As expected, these values are larger than those
estimated by XRD, but both data sets appear to scale
with each other (Fig. 3). It is noted that no oxide/car-
bide precipitate was observed in the TEM microstruc-
ture, suggesting impurity atoms were dispersed in the
Cr lattice as solutes. These impurities can affect the
resultant hardness value. However, in the current study
of the grain size effect, all specimens initially came from
the same batch; consequently, the impurity content in
each test sample was the same. If there is any solid solu-
tion or particle strengthening caused by these impurities,
their contributions to the hardness of the test samples
would, in practice, be similar.

Hardness values of the nc-Cr samples with various
grain sizes were measured and the results are presented
in Figure 3; the error bar for each hardness value is less
than 1%. It is evident that, within the current grain size
range, the hardness values follow the classical Hall–
Petch relationship,

H ¼ H 0 þ kHP d�1=2 ð1Þ
where H0 is the intrinsic hardness of Cr, which can, in
principle, be estimated from the coarse-grained Cr
(grain size = 0.5 mm), d is average grain size and kHP

is the Hall–Petch coefficient. There is no apparent indi-
cation of a Hall–Petch inversion, such as that observed
in fcc nc-Ni or Ni–W [3,5,15].

To make a direct comparison of the strength–grain
size relationship, data obtained from several ultrafine/
nanocrystalline metals, including Mo and Fe, Ni and
Cu, and Mg, Zn and Ti, are also presented in a Hall–
Petch plot, as shown in Figure 4(a). Despite some data
variations, it is apparent that the slope, i.e. the Hall–
Petch coefficient, kHP, for bcc metals (black symbols)
is generally much higher than that for fcc (blue symbols)
and hcp (red symbols) metals. This is consistent with the
previous conclusion [14] that grain boundaries in bcc
metals seems to be more efficient in blocking dislocation
motion than that in the fcc/hcp metals.
Figure 3. Reduced hardness as a function of grain size, indicating that
nc-Cr follows the Hall–Petch relationship closely.



Figure 4. (a) Comparison of Hall–Petch relationship and (b) the square of the Hall–Petch coefficient kHP
2as a function of 9m2pmsGb=2a for ultrafine

and nanopolycrystalline metals with different crystalline structures: bcc (black symbol), fcc (blue) and hcp (red). (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)
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According a dislocation pile-up model [2], Armstrong
[16] suggested the incipient plastic deformation as a
process of dislocation source operation by the stress
concentration at the grain boundary. Following the rela-
tionship between the stress concentration and the critical
shear stress for source operation [17], the Hall–Petch
coefficient kHP can be expressed as

kHP ¼ 3mðpmsscGb=2aÞ1=2 ð2Þ
where m is the Taylor factor relating tensile strength to
the resolved shear stress of a polycrystal, ms is the Sachs
orientation factor, G is the shear modulus, b is the dislo-
cation Burgers vector, an average dislocation character
is expressed in the factor a = 2(1 � m)/(2 � m), with m
being Poisson‘s ratio, sc is the resolved shear stress re-
quired to operate the dislocation source near the grain
boundary, and the ratio 3 is from the well-accepted Ta-
bor’s relation between indentation hardness and yield
strength of a material. As indicated in Eq. (2), kHP is a
function of the shear modulus, Burgers vector, Poisson’s
ratio and, in particular, the critical shear stress for dislo-
cation nucleation from grain boundaries.

The Hall–Petch coefficient kHP for a number of poly-
crystalline metals with bcc, fcc and hcp structures are
Table 2. Comparison of Hall–Petch coefficient of ultrafine/nanocrys-
talline metals.

Metals G (GPa) b (nm) kHP (MPa�lm0.5) References

bcc Fe 82 0.248 1589 [18]
bcc Ta 69 0.286 1669 [19]
bcc Cr 115 0.250 2561 [20]

1723 [21]
1380 This study

bcc V 46.4 0.262 789 [22]
bcc Mo 120 0.273 1536 [23]
bcc Nb 37.5 0.285 1051 [24]
fcc Cu 48 0.255 316 [25]
fcc Ni 76 0.249 502 [26]
fcc Al 26 0.286 285 [27]
fcc Au 27 0.289 60–180 [28]
fcc Ag 30 0.289 133 [29]
hcp Mg 17 0.466 630 [30]

69–237 [31]
hcp Zn 43 0.414 120 [32]
hcp Ti 44 0.424 322–750 [33]

1200 [34]
hcp Hf 30 0.459 1157 [35]
summarized in Table 2. To obtain sc from Eq. (2), the
square of kHP is plotted as a function of the parameter
9m2pmsGb=2a for these metals in Figure 4(b). The slope
of the curve is sc, the resolved shear stress necessary to
propagate plastic flow across the grain boundary. The
data in Figure 4(b) can be separated into two groups:
one for bcc and the other for the close-packed fcc and
hcp metals. Also, the slope for bcc metals is notably
higher than that for fcc and hcp metals, clearly suggest-
ing a larger critical shear stress for the propagation of
plastic deformation cross-grain boundaries in bcc met-
als. Specifically from Figure 4(b), the sc for bcc metals
is evaluated to be 350 MPa, which is about 6 times for
fcc (56 MPa) and 4 times for the upper-bound value
for hcp (90 MPa) metals.

Armstrong and Rodriguez [44] also suggested that sc

was related to the stage-III shear stress sIII for single-
crystal metals. A summary of sc and sIII for bcc, fcc
and hcp metals is listed in Table 3. It is evident that both
sc and sIII for bcc metals are significant larger than those
for the fcc metals. This was expected, since it has been
demonstrated that the activation energy for the nucle-
ation of partial dislocations is energetically favored in
fcc and hcp metals [45], in contrast to bcc metals, where
nucleation of full dislocations is favored [46]. It is also
noted that sc is generally larger than sIII. The discrep-
ancy is probably associated with the grain-boundary
structure and chemistry. Whereas sIII is mainly deter-
mined by dislocation interactions within the interior of
Table 3. Comparison of sc according to Armstrong’s model and stage
III shear stress, sIII, for bcc, fcc and hcp single crystals.

Metals kHP

(MPa lm0.5)
sc (MPa) sIII

(MPa)
References
for sIII

bcc Cr 1380 221 141 [36]
bcc Ta 1669 420 220 [37]
bcc Fe 342–1568.5 18–379.1 20–50 [38,39]
bcc Mo 1536 221 180 [40]
fcc Cu 316 21.9 22.2 [41]
fcc Ni 502 36.7 27.8 [41]
fcc Al 285 29 4.6 [41]
fcc Au 60–180 1.1–10.3 8.1 [41]
fcc Ag 133–384 5.3–44.3 18.62 [41]
hcp Mg 153a 2.85 2 [42]
hcp Zn 120 0.8 0.55–0.7 [43]

a The kHP value for slip-dominated deformation is used for the
calculation.



D. Wu et al. / Scripta Materialia 68 (2013) 118–121 121
grains, sc is controlled by the nature of the grain bound-
aries. It has been demonstrated before that impurity seg-
regation at grain boundaries can significantly affect the
kHP value in bcc Fe [47,48] and fcc Ni [49]. However,
it should also be noted that, within each structure group
(i.e. fcc or bcc), sc and sIII agree reasonably well, at least
within a similar magnitude.

In this study, we demonstrate that nanocrystalline Cr
obeys the Hall–Petch relationship at grain sizes as small
as 19 nm. We also find that the hardening potency by
grain refinement is more effective in bcc metals than in
fcc and hcp metals, and specifically the Hall–Petch coef-
ficient, kHP, is around 1500 MPa�lm0.5 for many bcc
metals but no more than 600 MPa�lm0.5 for fcc metals.
This higher kHP in bcc metals results from the higher re-
solved shear stress necessary to propagate plastic flow
across the grain boundary, which, in turn, is caused by
the higher activation energy required for the nucleation
of full dislocations in bcc as compared to the partial dis-
locations in fcc metals. The nature of grain boundaries –
in particular, the chemistry – may also contribute to the
high kHP since bcc metals are susceptible to impurity
segregation.
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